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Exact renormalization group flow equations for non-relativistic fermions: scaling
towards the Fermi surface
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We construct exact functional renormalization group (RG) flow equations for non-relativistic
fermions in arbitrary dimensions, taking into account not only mode elimination but also the rescal-
ing of the momenta, frequencies and the fermionic fields. The complete RG flow of all relevant,
marginal and irrelevant couplings can be described by a system of coupled flow equations for the
irreducible n-point vertices. Introducing suitable dimensionless variables, we obtain flow equations
for generalized scaling functions which are continuous functions of the flow parameter, even if we
consider quantities which are dominated by momenta close to the Fermi surface, such as the density-
density correlation function at long wavelengths. We also show how the problem of constructing
the renormalized Fermi surface can be reduced to the problem of finding the RG fixed point of
the irreducible two-point vertex at vanishing momentum and frequency. We argue that only if the
degrees of freedom are properly rescaled it is possible to reach scale-invariant non-Fermi liquid fixed
points within a truncation of the exact RG flow equations.
PACS numbers: 71.10-w, 71.10.Hf
I. INTRODUCTION
Recently several authors [1–5] have used exact functional renormalization group (RG) methods to gain a deeper
understanding of strongly correlated non-relativistic fermions in reduced dimensions. The exact functional RG yields
an infinite hierarchy of coupled differential equations describing the change of the correlation functions due to the
elimination and the rescaling of the degrees of freedom. For classical statistical mechanics problems the exact functional
RG has been developed long time ago in a pioneering work by Wegner and Houghton [6], who performed the usual
three RG-steps [7,8] to derive their exact flow equation:
1. Integrate out fields with momenta k in a shell Λ0(1 − dt) < |k| < Λ0, where dt is infinitesimal and Λ0 is some
ultraviolet cutoff.
2. Rescale the remaining momenta by a factor 1 + dt and express all quantities in terms of the rescaled momenta.
3. Rescale the remaining fields by a factor of 1 + 12 (1 − η)dt, where the anomalous dimension η has to be chosen
such that the RG has a fixed point [9].
Over the years several alternative formulations of the exact functional RG in field theory and statistical physics
have been proposed [10–15]. Note, however, that recent applications of the exact RG for two-dimensional fermions
[1–5] take only the mode elimination step 1 into account, and do not perform the above rescaling steps 2 and 3. While
such a procedure is legitimate if one is interested in solving a given many-body problem iteratively, the Wilsonian
RG amounts to more than that [8]: by combining the mode elimination with a suitable rescaling of the degrees of
freedom, the Wilsonian RG generates a mapping of the original many-body problem onto a continuous family of new
many-body problems, labeled by a flow parameter t. In the limit t → ∞ it sometimes happens that the resulting
problem simplifies and can be solved in a controlled manner. In order to obtain a non-trivial RG fixed point for
t→∞ which is characterized by a non-zero anomalous dimension η, it is crucial that the fields are properly rescaled,
as discussed in detail by Bell and Wilson [9]. For example, by applying the exact functional RG to φ4-theory [13,16],
it is easy to see that without the rescaling the RG flow does not reproduce the Wilson-Fisher fixed point below four
dimensions, see Sec.IVC. We therefore believe that the RG calculations of Refs. [1–5] are incomplete, and should
be augmented by the usual rescaling steps 2 and 3 given above. Note that the rescaling is explicitly included in the
one loop momentum-shell approach advanced by Shankar [17], so that one may wonder why the exact functional RG
used in Refs. [1–5] does not include the rescaling. We shall try to clarify this point in this work by showing how
to include the rescaling of the degrees of freedom in the exact functional RG for fermionic many-body systems in
arbitrary dimensions. We then point out several advantages of working with the rescaled version of the exact RG flow
equations.
1
II. MODE ELIMINATION FOR THE LEGENDRE EFFECTIVE ACTION
In this section we present a brief derivation of the exact flow equation describing the change in the Legendre effective
action Γ{ϕ¯, ϕ} due to the elimination of the degrees of freedom with momenta and frequencies in a suitably defined
shell. Keeping in mind that the Legendre effective action is the generating functional of the one-particle irreducible
correlation functions [18], an expansion of Γ{ϕ¯, ϕ} in powers of the fields ϕ¯ and ϕ yields the corresponding flow
equations for the irreducible n-point vertices. For classical field theories, the flow equation for the Legendre effective
action has been considered some time ago by Nicoll et al. [10], and more recently by Wetterich [12], and by Morris
[13]. For non-relativistic fermions the exact flow equation for the Legendre effective action has recently been derived
in a very general form by Honerkamp, Salmhofer and co-authors [4,5], who also included the possibility of symmetry
breaking. Our derivation given below is less general but more explicit; in particular, we shall adopt as much as possible
the standard notations from the theory of critical phenomena [6,16].
A. Assumptions and initial conditions
We consider a translationally invariant non-relativistic system of interacting fermions with a Fermi surface.
Throughout this work we assume that the fermions are in the normal state, so that the propagator does not have any
anomalous components. By Fermi surface we mean the true Fermi surface of the interacting system, which is defined
as the set of all momenta satisfying [19]
ǫkF = µ− Σ(kF , i0) , (2.1)
where ǫk is the energy dispersion of the non-interacting system, µ is the exact chemical potential and Σ(k, iωn) is the
exact self-energy of the interacting many-body system. Here k is the momentum and iωn is the Matsubara frequency.
Given an arbitrary k, we may define a corresponding momentum kF on the Fermi surface via the decomposition [20]
k = kF + vˆF p , (2.2)
as shown in Fig.1. Here vˆF = vF /|vF | is a unit vector in the direction of the local Fermi velocity
vF = ∇k ǫk|k=kF . (2.3)
Note that vF is defined in terms of the gradient of the bare energy dispersion at the renormalized Fermi surface. The
solution of Eq.(2.1) can be parameterized as
kF = nˆkF (nˆ) , (2.4)
where nˆ is a unit vector in the direction of kF , see Fig.1. Note that only for a spherical Fermi surface we may
identify nˆ = vˆF , so that kF and vF are parallel. In this case we know that kF is not renormalized as we turn on the
interactions at constant density [19,21]. The true Fermi surface is then given by ǫkF = µ0 (where µ0 is the chemical
potential of the non-interacting system at the same density), so that Σ(kF , i0) = µ−µ0, which is independent of kF .
For the derivation of the RG flow equations it is convenient to represent the generating functionals of the fermionic
correlation functions in terms of Grassmannian functional integrals [22]. We assume that initially the Grassmann
fields ψK with large excitation energies ǫk − ǫkF and large Matsubara frequencies ωn have been integrated out. Here
K = (k, iωn) is a composite label, and for simplicity we ignore the spin degree of freedom. The high energy shell
can be described by an equation of the form ΩK >∼ ξ0, where ΩK is a suitable homogeneous function of ǫk − ǫkF or
|ωn|. Possible choices are ΩK = |ωn|, ΩK = |ǫk− ǫkF |, or ΩK =
√
ω2n + (ǫk − ǫkF )
2. Our starting point is an effective
action of the form
Sξ0{ψ¯, ψ} = S
0
ξ0{ψ¯, ψ}+ S
int
ξ0 {ψ¯, ψ} , (2.5)
where the free part is given by
S0ξ0{ψ¯, ψ} =
∫
K
Θγ(ξ0 − ΩK)[−iωn + ǫk − ǫkF ]ψ¯KψK .
(2.6)
Here we use the notation
2
∫
K
=
1
βV
∑
k,ωn
→
∫
dk
(2π)D
∫ ∞
−∞
dω
2π
, (2.7)
where β is the inverse temperature and V is the volume, and the right-hand side is valid for β → ∞ and V → ∞.
The interaction part is
Sintξ0 {ψ¯, ψ} =∫
K
Θγ(ξ0 − ΩK)[Σξ0(K)− Σ(kF , i0)]ψ¯KψK
+
1
(2!)2
∫
K′
1
∫
K′
2
∫
K2
∫
K1
δK′
1
+K′
2
,K2+K1
×Γ
(4)
ξ0
(K ′1,K
′
2;K2,K1)ψ¯K′1ψ¯K′2ψK2ψK1 + . . . , (2.8)
where the ellipsis denotes three-body and higher order interactions, and
δKK′ = βV δkk′δωnωn′
→ (2π)D+1δ(k− k′)δ(ω − ω′) . (2.9)
All vertices are antisymmetric with respect to the permutation of any pair of the incoming particles and any pair
of the outgoing particles. In particular, the four-point vertex Γ
(4)
ξ (K
′
1,K
′
2;K2,K1) is antisymmetric with respect to
the exchange K ′1 ↔ K
′
2 and K1 ↔ K2. The function Θγ(ǫ) is a smooth cutoff function, satisfying Θγ(ǫ) ≈ 1 for
ǫ > γ and Θγ(ǫ) ≈ 0 for ǫ < −γ, so that limγ→0Θγ(ǫ) = Θ(ǫ). The term Σξ0(K) in Eq.(2.8) is the contribution from
the high energy fields with ΩK
>
∼ ξ0 to the irreducible self-energy, and −Σ(kF , i0) is a counterterm which takes into
account that in the free action (2.6) we have subtracted ǫkF = µ − Σ(kF , i0) from the bare energy dispersion. As
shown below, this subtraction is crucial to obtain the RG flow of the Fermi surface. In a perturbative approach, the
above subtraction is necessary to obtain a well-behaved perturbation series [19,23]. The counterterm −Σ(kF , i0) can
be determined from a self-consistency condition, which can be imposed order by order in perturbation theory [24].
Within a RG approach, the counterterm can be determined a posteriori from the condition that the flow equation
of the momentum- and frequency-independent part of the irreducible two-point vertex has a fixed point [17], see
Sec.IVB for a careful discussion. The energy scale ξ0 plays a dual role [13]: For the calculation of the vertices of the
initial action Sξ0{ψ¯, ψ} the scale ξ0 acts as an infrared cutoff, so that for sufficiently large ξ0 the vertices appearing
in Sξ0{ψ¯, ψ} can be calculated perturbatively. On the other hand, for the remaining low-energy degrees of freedom
ξ0 plays the role of an ultraviolet cutoff.
B. Exact flow equation describing mode elimination
Starting from the effective action Sξ0{ψ¯, ψ} with cutoff ξ0, we eliminate all fields with momenta and Matsubara
frequencies in the regime ξ <∼ ΩK
<
∼ ξ0. The free propagator for the fermionic fields in this regime has in the K-basis
the diagonal elements
G0ξ,ξ0(K) =
Θγ(ΩK − ξ)−Θγ(ΩK − ξ0)
iωn − ǫk + ǫkF
. (2.10)
Because kF lies by construction on the true Fermi surface of the interacting system, the right-hand side of Eq.(2.10)
depends implicitly on the interaction. Note, however, that ǫkF is independent of the flow parameter ξ. Diagrammati-
cally, the elimination of the degrees of freedom in the shell ξ <∼ ΩK
<
∼ ξ0 corresponds to contracting all terms generated
by expanding e−S
int
ξ0
{ψ¯,ψ} with the propagators G0ξ,ξ0 given in Eq.(2.10). The connected correlation functions of the
new theory can be formally represented as functional derivatives of the generating functional Gcξ{J¯ , J} defined by [25]
eG
c
ξ{J¯,J} = e−S
int
ξ0
{ζ δ
δJ
, δ
δJ¯
}e(J¯,(−G
0
ξ,ξ0
)J)
= e(J¯,(−G
0
ξ,ξ0
)J)
[
e
(ζ δ
δψ
,(−G0ξ,ξ0)
δ
δψ¯
)
e−S
int
ξ0
{ψ¯,ψ}
]
ψ=G0
ξ,ξ0
J
.
(2.11)
Here (a,Mb) =
∫
K
∫
K′
aKMKK′bK′ , and the factor ζ = −1 arises from the antisymmetry of the Grassmann fields
[22,26]. G0ξ,ξ0 should be considered as a matrix in K-space, with matrix elements given by
3
[G0ξ,ξ0 ]KK′ = δKK′G
0
ξ,ξ0(K) , (2.12)
where G0ξ,ξ0(K) is defined in Eq.(2.10).
Differentiating both sides of Eq.(2.11) with respect to ξ, we obtain an exact flow equation for the generating
functional of the connected correlation functions. For practical calculations the flow equation for the irreducible
vertices is more convenient [10,12,13]. To obtain the corresponding generating functional, we perform a Legendre
transformation,
Lξ{ϕ¯, ϕ} = (ϕ¯, J) + (J¯ , ϕ)− G
c
ξ{J¯ , J} , (2.13)
where the Grassmann sources J and J¯ have to be considered as functionals of the Grassmann fields ϕ and ϕ¯ by solving
the following equations for J¯ = J¯{ϕ¯, ϕ} and J = J{ϕ¯, ϕ},
ϕ = ζ
δGcξ{J¯ , J}
δJ
, ϕ¯ =
δGcξ{J¯ , J}
δJ¯
. (2.14)
The generating functional of the irreducible vertices is then given by
Γξ{ϕ¯, ϕ} = Lξ{ϕ¯, ϕ} − (ϕ¯, [−G
0
ξ,ξ0 ]
−1ϕ) , (2.15)
and satisfies the exact flow equation [4,5,27]
∂ξΓξ = ζ
∫
K
∂ξ[G
0
ξ,ξ0(K)]
−1
×
{
Gˆξ,ξ0 Uˆξ[1ˆ− Gˆξ,ξ0 Uˆξ]
−1Gˆξ,ξ0
+Gˆ0ξ,ξ0Σˆξ[1− Gˆ
0
ξ,ξ0Σˆξ]
−1Gˆ0ξ,ξ0
}
22;KK
, (2.16)
with initial condition
Γξ0{ϕ¯, ϕ} = S
int
ξ0 {ϕ¯, ϕ} . (2.17)
Here {. . .}22;KK denotes the lower diagonal element of the corresponding 2× 2-matrix in K-space, and the functional
Uˆξ is given by 
 ζ δ2Γξδϕ¯KδϕK′ ζ δ2Γξδϕ¯Kδϕ¯K′
δ2Γξ
δϕKδϕK′
δ2Γξ
δϕKδϕ¯K′

 = [Σˆξ]KK′ + [Uˆξ{ϕ¯, ϕ}]
KK′
, (2.18)
where Σˆξ is defined as the field-independent part of the second functional derivative of Γξ, so that Uˆξ{0, 0} = 0. The
interacting cutoff-regularized propagator is related to the non-interacting one via the Dyson equation,
Gˆξ,ξ0 = [Gˆ
0
ξ,ξ0 − Σˆξ]
−1 , [Gˆ0ξ,ξ0 ]ij = δijG
0
ξ,ξ0 . (2.19)
C. Flow equation for sharp cutoff
For simplicity we shall from now on work with a sharp cutoff function, Θ(ǫ) = limγ→0Θγ(ǫ). Due to translational
invariance the K-dependence of all vertices is constrained by energy-momentum conservation, so that the matrix
elements of Σˆξ are
[Σˆξ]ij;KK′ = δijδKK′ [Σξ(K)− Σ(kF , i0)] , (2.20)
where the term Σ(kF , i0) is due to the subtraction in Eq.(2.8). The exact flow equation (2.16) can then be reduced
to the following form [13,16]
4
∂ξΓξ =
ζ
∫
K
δ(ΩK − ξ)
iωn − ǫk + µ− Σξ(K)
{
Uˆξ[1ˆ− Gˆξ,ξ0 Uˆξ]
−1
}
22;KK
−ζβV
∫
K
δ(ΩK − ξ) ln
[
iωn − ǫk + µ− Σξ(K)
iωn − ǫk + ǫkF
]
.
(2.21)
We now expand
Γξ{ϕ¯, ϕ} =
∞∑
n=0
(−1)n
(n!)2
∫
K′
1
. . .
∫
K′n
∫
Kn
. . .
∫
K1
× δK′
1
+...+K′n,Kn+...+K1
× Γ
(2n)
ξ (K
′
1, . . . ,K
′
n;Kn, . . . ,K1)
× ϕ¯K′
1
· · · ϕ¯K′nϕKn · · ·ϕK1 , (2.22)
and identify the terms with the same powers of the fields on both sides of Eq.(2.21). Note that in the normal state only
the even vertices are non-zero. In this way we obtain the RG flow equations for the unrescaled irreducible 2n-point
vertices Γ
(2n)
ξ (K
′
1, . . . ,K
′
n;Kn, . . . ,K1). We now explicitly give the exact flow equations for the vertices Γ
(0)
ξ , Γ
(2)
ξ ,
and Γ
(4)
ξ . For a two-loop calculation one needs the flow equation for the six-point vertex Γ
(6)
ξ , which is given in the
Appendix.
1. Free energy
The interaction correction to the free energy is obtained from the last term in Eq.(2.21),
∂ξΓ
(0)
ξ = −ζβV
∫
K
δ(ΩK − ξ) ln
[
iωn − ǫk + µ− Σξ(K)
iωn − ǫk + ǫkF
]
. (2.23)
2. Self-energy
Comparing the terms quadratic in the fields on both sides of Eq.(2.21) and using the fact that by construction the
two-point vertex is related to the subtracted irreducible self-energy via
Γ
(2)
ξ (K;K) = −[Σξ(K)− Σ(kF , i0)] , (2.24)
we obtain
∂ξΓ
(2)
ξ (K;K) = −∂ξΣξ(K) =
−ζ
∫
K′
δ(ΩK′ − ξ)
iωn′ − ǫk′ + µ− Σξ(K ′)
Γ
(4)
ξ (K,K
′;K ′,K) .
(2.25)
A graphical representation of this equation is shown in Fig.2.
3. Four-point vertex
The flow equation for the irreducible four-point vertex is
5
∂ξΓ
(4)
ξ (K
′
1,K
′
2;K2,K1) =
−ζ
∫
K
δ(ΩK − ξ)
iωn − ǫk + µ− Σξ(K)
Γ
(6)
ξ (K
′
1,K
′
2,K;K,K2,K1)
+
∫
K
[
δ(ΩK − ξ)Gξ,ξ0(K
′)
iωn − ǫk + µ− Σξ(K)
+
Gξ,ξ0(K)δ(ΩK′ − ξ)
iωn′ − ǫk′ + µ− Σξ(K ′)
]
×
{
1
2
[
Γ
(4)
ξ (K
′
1,K
′
2;K
′,K)Γ
(4)
ξ (K,K
′,K2,K1)
]
K′=K1+K2−K
+ζ
[
Γ
(4)
ξ (K
′
1,K
′;K,K1)Γ
(4)
ξ (K
′
2,K;K
′,K2)
]
K′=K+K1−K′1
+
[
Γ
(4)
ξ (K
′
2,K
′;K,K1)Γ
(4)
ξ (K
′
1,K;K
′,K2)
]
K′=K+K1−K′2
}
. (2.26)
This equation is shown graphically in Fig.3. The first term in the curly braces is contribution from the BCS-channel,
while the last two terms are the zero-sound contributions, usually abbreviated by ZS (second term) and ZS′ (third
term) [17]. Note that both zero-sound terms have to be retained in order to preserve the antisymmetry of the
four-point vertex [28]. The exact flow equation for the six-point vertex is rather lengthy and is given in the Appendix.
III. EXACT FLOW EQUATIONS DESCRIBING MODE ELIMINATION AND RESCALING
So far we have derived exact flow equations for the irreducible vertices describing the elimination of the degrees
of freedom. Within the one-loop approximation, it is sufficient to set Γ
(2n)
ξ = 0 for n ≥ 3, and to ignore interaction
corrections to the propagators in internal loops. The resulting truncated flow equation for the four-point vertex in two
dimensions has been analyzed numerically by Honerkamp et al. [4,5]. A similar numerical analysis of an equivalent
truncated flow equation has been performed by Halboth and Metzner [2,3]. Both groups found that the one-loop
flow of the four-point vertex eventually diverges at a finite scale, where the perturbative RG breaks down. Physically
the runaway flow has been interpreted in terms of some incipient instability of the normal metallic phase. Here we
would like to point out that in principle there is another interpretation of this runaway flow, namely the existence
of a scale-invariant non-Fermi liquid fixed point, which is characterized by a finite anomalous dimension. Below we
argue that the mode elimination RG transformations of Refs. [1–5] cannot detect such a fixed point, because these
equations do not take into account that the degrees of freedom should be properly rescaled to reach a fixed point
with a finite anomalous dimension [9]. Assuming the existence of such a fixed point, only the rescaled version of the
exact flow equations given below would detect it, while the pure mode elimination RG used in Refs. [1–5] would still
exhibit a runaway flow to strong coupling.
Because the following rescaling procedure depends crucially on the existence of a Fermi surface, we now explicitly
set the statistics factor ζ = −1. We also take the limits of infinite volume (V →∞) and zero temperature (β →∞),
so that momenta and frequencies become continuous variables.
A. Scaling variables
Instead of the momentum k and the Matsubara frequency iω, we now label the degrees of freedom by the direction
nˆ of kF (see Fig.1) and by the dimensionless variables
q =
vF p
ξ
=
vF · (k− kF )
ξ
, ǫ =
ω
ξ
, (3.1)
so that
k = kF + vˆF
ξ
vF
q = nˆkF (nˆ) + vˆF
ξ
vF
q . (3.2)
Furthermore, instead of the flow parameter ξ, we introduce the dimensionless logarithmic flow parameter
t = − ln(ξ/ξ0) , (3.3)
and define the dimensionless dispersion
6
ξnˆt (q) =
ǫk − ǫkF
ξ
= q +
cnˆt
2
q2 +O(q3) , (3.4)
where
cnˆt =
ξ
mv2F
=
ξ0
mv2F
e−t (3.5)
is an irrelevant coupling which measures the leading deviation from linearity in the energy dispersion in the direction
normal to the Fermi surface. In Eq.(3.4) we have expanded the energy dispersion around k = kF ,
ǫk = ǫkF + vF · (k− kF ) +
(k− kF )
2
2m
+ . . . . (3.6)
Note that in general vF and m depend on nˆ. Using Q = (nˆ, q, iǫ) instead of K = (k, iω) as integration variables, we
have for β →∞ and V →∞ ∫
K
= ν0ξ
2
∫
Q
= ν0ξ
2
∫
dSnˆ
SD
∫
dqJ(nˆ, q)
∫
dǫ
2π
, (3.7)
where dSnˆ is a surface element and SD is the surface area of the unit sphere in D dimensions, and J(nˆ, q) is a
dimensionless Jacobian associated with the transformation k → (nˆ, q). For convenience we have pulled out a factor
of ν0ξ
2 in Eq.(3.7), where ν0 is the density of states at the Fermi surface,
ν0 =
∫
dk
(2π)D
δ(ǫk − ǫkF ) . (3.8)
With this normalization J(nˆ, q) is dimensionless. In particular, for a spherical Fermi surface
ν0 =
ΩD
(2π)D
kD−1F
vF
, J(nˆ, q) = (1 + ctq)
D−1 . (3.9)
B. The scaling form of the irreducible vertices
The proper definition of the dimensionless scaling form of the irreducible vertices follows partially from dimensional
analysis, and partially from aesthetic considerations (such as the requirement that numerical prefactors should be as
simple as possible). Given the expansion (2.22) of the generating functional of the irreducible vertices in powers of
the dimensionful fields ϕK , we substitute
ϕK =
(
Z nˆt
ξ3ν0
)1/2
ϕ˜Q , (3.10)
where the wave-function renormalization factor Z nˆt is related to the irreducible self-energy Σξ(k, iω) at scale ξ as
usual,
Z nˆt =
1
1−
∂Σξ(kF ,iω)
∂(iω)
∣∣∣
ω=0
. (3.11)
The dimensionless fields ϕ˜Q should be considered as functions of the scaling variables Q.
1. Free energy
Due to the Jacobian associated with the rescaling of fermionic fields in the functional integral, the field-independent
part Γ
(0)
ξ of the generating functional Γξ{ϕ¯, ϕ} picks up an additive term, so that after rescaling the correction to the
free energy is
Γ˜
(0)
t = Γ
(0)
ξ + βV
∫
K
Θ(ξ − ΩK) lnZ
nˆ
t . (3.12)
In classical statistical mechanics a contribution analogous to the second term has been discussed by Wegner and
Houghton [6].
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2. Two-point vertex
We write the exact propagator in the following scaling form,
Gξ,ξ0(k, iω) =
Z nˆt
ξ
G˜t
(
kF
kF
,
vF · (k− kF )
ξ
,
iω
ξ
)
, (3.13)
where nˆ should be considered as a function of k, as given in Eqs.(2.2) and (2.4). Note that our exact RG equations
describe the flow of the dimensionless scaling function
G˜t(Q) ≡ G˜t(nˆ, q, iǫ) =
ξ
Z nˆt
Gξ,ξ0(nˆkF (nˆ) + vˆF
ξ
vF
q, iξǫ) . (3.14)
Introducing the dimensionless scaling form of the (subtracted) irreducible two-point vertex,
Γ˜
(2)
t (Q) =
Z nˆt
ξ
Γ
(2)
ξ (K) = −
Z nˆt
ξ
[Σξ(K)− Σ(kF , i0)] , (3.15)
and the scaling form of the inverse propagator
rt(Q) =
Z nˆt
ξ
[iω − ǫk + µ− Σξ(k, iω)]
= Z nˆt
[
iǫ− ξnˆt (q)
]
+ Γ˜
(2)
t (Q) , (3.16)
we obtain
G˜t(Q) =
Θ(Ω˜Q − 1)−Θ(Ω˜Q − e
t)
rt(Q)
=
Θ(et > Ω˜Q > 1)
rt(Q)
, (3.17)
where
Θ(x2 > x > x1) =
{
1 if x2 > x > x1
0 else
, (3.18)
and
Ω˜Q =
ΩK
ξ
. (3.19)
Note that for the choice ΩK = |ǫk− ǫkF | we obtain Ω˜Q = |ξ
nˆ
t (q)| ≈ |q| to leading order. The initial condition at t = 0
implies
r0(Q) =
Z nˆ0
ξ0
[iω − ǫk + µ− Σξ0(K)]
= Z nˆ0 [iǫ− ξ
nˆ
0 (q)] + Γ˜
(2)
0 (Q) . (3.20)
Furthermore, without interactions Zt = 1 and Γ˜
(2)
t (Q) = 0, so that rt(Q) = iǫ− ξ
nˆ
t (q).
3. Higher order vertices (n ≥ 2)
The dimensionless scaling form of the higher order irreducible vertices follows from our definition (3.10) of the
dimensionless fields,
Γ˜
(2n)
t (Q
′
1, . . . , Q
′
n;Qn, . . . , Q1) =
νn−10 ξ
n−2
[
Z
nˆ
′
1
t · · ·Z
nˆ
′
n
t Z
nˆn
t · · ·Z
nˆ1
t
]1/2
×Γ
(2n)
ξ (K
′
1, . . . ,K
′
n;Kn, . . . ,K1) . (3.21)
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C. Flow equations for the rescaled vertices
1. Free energy
Defining the interaction correction to the free energy per Fourier component,
ft =
Γ˜
(0)
t
βV
∫
K
Θ(ξ − ΩK)
, (3.22)
and using Eqs.(2.23) and (3.12), we obtain the exact flow equation for ft,
∂tft = ft −
∫
dSnˆ
SD
ηnˆt −
∫
Q
δ(Ω˜Q − 1) ln
(
rt(Q)
iǫ−ξnˆt (q)
)
∫
QΘ(1− Ω˜Q)
. (3.23)
Here ηnˆt is the flowing anomalous dimension,
ηnˆt = −∂t lnZ
nˆ
t = −
∂tZ
nˆ
t
Z nˆt
. (3.24)
Eq.(3.23) is the fermionic analog of the corresponding flow equation for the free energy in φ4-theory, see Eq.(4.6) of
Ref. [16].
2. Two-point vertex
From Eqs.(2.25) and (3.15) we find the flow equation for the dimensionless subtracted two-point vertex,
∂tΓ˜
(2)
t (Q) = (1− η
nˆ
t −Q · ∂Q)Γ˜
(2)
t (Q)
−
∫
Q′
G˙t(Q
′)Γ˜
(4)
t (Q,Q
′;Q′, Q) , (3.25)
where we have introduced the notation
Q · ∂Q = q∂q + ǫ∂ǫ , (3.26)
G˙t(Q) =
δ(Ω˜Q − 1)
rt(Q)
. (3.27)
3. Four-point vertex
The flow equation for the rescaled irreducible four-point vertex follows from Eqs.(2.26) and (3.21),
∂tΓ˜
(4)
t (Q
′
1, Q
′
2;Q2, Q1) =
−
2∑
i=1
[
η
nˆ
′
i
t + η
nˆi
t
2
+Q′i · ∂Q′i +Qi · ∂Qi
]
Γ˜
(4)
t (Q
′
1, Q
′
2;Q2, Q1)
−
∫
Q
G˙t(Q)Γ˜
(6)
t (Q
′
1, Q
′
2, Q;Q,Q2, Q1)
−
∫
Q
[
G˙t(Q)G˜t(Q
′) + G˜t(Q)G˙t(Q
′)
]
×
{
1
2
[
Γ˜
(4)
t (Q
′
1, Q
′
2;Q
′, Q)Γ˜
(4)
t (Q,Q
′;Q2, Q1)
]
K′=K1+K2−K
−
[
Γ˜
(4)
t (Q
′
1, Q
′;Q,Q1)Γ˜
(4)
t (Q
′
2, Q;Q
′, Q2)
]
K′=K+K1−K′1
+
[
Γ˜
(4)
t (Q
′
2, Q
′;Q,Q1)Γ˜
(4)
t (Q
′
1, Q;Q
′, Q2)
]
K′=K+K1−K′2
}
. (3.28)
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HereK,K ′, Ki andK
′
i should be considered as functions of the dimensionless scaling variables introduced in Sec.III A,
for example K = (nˆkF + vˆF
ξ
vF
q, iξǫ). Due to the non-linearity of this transformation, the explicit expression of Q′ in
terms of Q and Qi = (nˆi, qi, ǫi) is rather complicated. For example, let us calculate Q
′ = (nˆ′, q′, ǫ′) in the zero-sound
contribution involving K ′ = K +K1 −K
′
1. The energy component is simple, ǫ
′ = ǫ + ǫ1 − ǫ
′
1, but for nˆ
′ and q′ we
obtain
nˆ′ =
nˆ+ nˆ1 − nˆ
′
1 + ct(nˆq + nˆ1q1 − nˆ
′
1q
′
1)
|nˆ+ nˆ1 − nˆ′1 + ct(nˆq + nˆ1q1 − nˆ
′
1q
′
1)|
, (3.29)
q′ =
1
ct
[|nˆ+ nˆ1 − nˆ
′
1 + ct(nˆq + nˆ1q1 − nˆ
′
1q
′
1)| − 1] , (3.30)
where ct = ξ0e
−t/(mv2F ), see Eq.(3.5). For simplicity we have assumed a spherical Fermi surface, so that ki =
nˆikF (1 + ctqi). Note that the corresponding rescaled energy dispersion is
ξnˆ
′
t (q
′) = q + nˆ · (nˆ1q1 − nˆ
′
1q
′
1) +
nˆ · (nˆ1 − nˆ
′
1)
ct
+
ct
2
(nˆq + nˆ1q1 − nˆ
′
1q
′
1)
2
+
(nˆ1 − nˆ
′
1)
2
2ct
+ (nˆ1 − nˆ
′
1) · (nˆq + nˆ1q1 − nˆ
′
1q
′
1) . (3.31)
The rescaled flow equation for the six-point vertex is given in the Appendix.
IV. ADVANTAGES OF RESCALED FLOW EQUATIONS
In this section we discuss several properties of the rescaled flow equations of Sec.III, and argue that for practical
calculations it may be advantageous to use the rescaled flow equations instead of the unrescaled equations discussed
in Sec.II.
A. Screening and flow of the density-density correlation function within RPA
As pointed out in Refs. [2–5], the unrescaled flow equations predict pathological RG flows for physical quantities
which are determined by degrees of freedom in the immediate vicinity of the Fermi surface, such as uniform suscep-
tibilities: for any finite infrared cutoff ξ uniform susceptibilities are not renormalized at all, while at ξ = 0 their RG
flow exhibits a discontinuity. Although for a Fermi liquid one may use the Fermi liquid relations between the uniform
susceptibilities and the quasi-particle interactions to obtain flow equations for the susceptibilities at finite cutoff ξ
[2,3], it would be better to calculate uniform susceptibilities entirely within the framework of the exact RG, without
relying on the assumption that the system is a Fermi liquid.
To illustrate the above point, let us consider the screening of the effective interaction, which is closely related to
the density-density correlation function. The screening problem has also been considered by Shankar (see Appendix
A of Ref. [17]) within the field theory version of the RG, and by Dupuis [29] within the conventional Kadanoff-Wilson
RG scheme for Fermi liquids.
Consider the flow equation (2.26) for the irreducible four-point vertex. Suppose we start from a bare interaction at
scale ξ0 of the form
Γ
(4)
ξ0
(K ′1,K
′
2;K2,K1) = fξ0(K1 −K
′
1)− fξ0(K1 −K
′
2) . (4.1)
Let us now calculate the flow of the effective interaction within the random-phase approximation (RPA), where the
BCS-contribution is ignored and only those zero-sound terms are retained which preserve the form (4.1). Setting for
simplicity K1 = K
′
1 and K2 = K
′
2 (this is the combination appearing in the flow equation (2.25) for the self-energy)
we approximate the irreducible four-point vertex at scale ξ < ξ0 by
Γ
(4)
ξ (K1,K2;K2,K1) ≈ −fξ(K1 −K2) , (4.2)
where we have assumed fξ(0) = 0. In this approximation we obtain from Eq.(2.26)
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∂ξf
−1
ξ (K1 −K2) = Π˙ξ(K1 −K2) , (4.3)
where the change of the polarization is given by
Π˙ξ(K1 −K2) =
∫
K
[
δ(ΩK − ξ)Gξ,ξ0(K +K1 −K2)
iωn − ǫk + µ− Σξ(K)
+
Gξ,ξ0(K)δ(ΩK+K1−K2 − ξ)
iωn+n1−n2 − ǫk+k1−k2 + µ− Σξ(K +K1 −K2)
]
.
(4.4)
Within the RPA we ignore the self-energy corrections to the propagators in Eq.(4.4). Using the cutoff function
ΩK = |ǫk − ǫkF |, we obtain for |k1 − k2| ≪ kF
Π˙ξ(K1 −K2) ≈ 2δ(ξ)
∫
dk
(2π)D
δ(ǫk − ǫkF )
×
vF · (k1 − k2)
i(ωn1 − ωn2)− vF · (k1 − k2)
. (4.5)
Obviously, Π˙ξ(P ) = 0 for any ξ 6= 0, so that the RPA interaction fξ(P ) is not renormalized for any finite ξ. Due to
the factor δ(ξ) in Eq.(4.5) the RG flow of the RPA interaction fξ(P ) (and hence the flow of the polarization and the
compressibility) is discontinuous at ξ = 0. This discontinuity is smoothed out if one works at a finite temperature
[29,30], but there is a way to avoid discontinuous flow equations at zero temperature: the RG flow equations generated
by our rescaled version of the exact RG remain continuous even at T = 0.
We now explicitly show this for the RG-flow of the rescaled density-density correlation function. Within the RPA
this the rescaled four-point vertex is approximated by
Γ˜
(4)
t (Q1, Q2;Q2, Q1) ≈ −Ft(Q1, Q2) , (4.6)
where the dimensionless function Ft(Q1, Q2) satisfies the flow equation
[∂t −Q1 · ∂Q1 −Q2 · ∂Q2 ]F
−1
t (Q1, Q2) = −
˙˜Πt(Q1, Q2) , (4.7)
which is the rescaled analog of Eq.(4.3). Here
˙˜Πt(Q1, Q2) =
∫
Q
[
G˙t(Q)G˜t(Q
′) + G˜t(Q)G˙t(Q
′)
]
K′=K+K1−K2
, (4.8)
where Q′ = Q′(Q,Q1, Q2) is defined as a function of Q = (nˆ, q, iǫ), Q1 = (nˆ1, q1, iǫ1) and Q2 = (nˆ2, q2, iǫ2) via
K ′ = K +K1 −K2, as explained in Sec.III C. Ignoring again interaction corrections to the propagators and working
with the momentum shell Ω˜Q = |ǫk − ǫkF |/ξ = |ξ
nˆ
t (q)|, we have
G˜t(Q) =
Θ(et > |ξnˆt (q)| > 1)
iǫ− ξnˆt (q)
, (4.9)
G˙t(Q) =
δ(|ξnˆt (q)| − 1)
iǫ− ξnˆt (q)
. (4.10)
Substituting these expressions into Eq.(4.8) and performing the integrations over q and ǫ we obtain
˙˜Πt(Q1, Q2) = −4
∫
dSnˆ
SD
Θ(1 + et > nˆ · q12 > 2)nˆ · q12
(nˆ · q12)2 + (ǫ1 − ǫ2)2
, (4.11)
where we have used Eq.(3.31) to simplify ξnˆ
′
t (q
′) for small |k1 − k2|,
ξnˆ
′
t (q
′) ≈ q + nˆ · q12 , q12 = nˆ1q1 − nˆ2q2 +
nˆ1 − nˆ2
ct
. (4.12)
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The crucial point is now that, unlike Eq.(4.5), the right-hand side of Eq.(4.11) is a non-singular function of the flow-
parameter t. In fact, in dimensions D > 1 the Θ-function discontinuity of the integrand disappears after the angular
integration, so that ˙˜Πt(Q1, Q2) is a continuous function of t. But even in D = 1, where the angular integration should
be replaced by a summation over the two discrete Fermi points, there is no discontinuity in the solution of the flow
equation (4.7).
It is instructive to elaborate a little bit more on the case D = 1, where we obtain from Eq.(4.11)
˙˜Πt(Q1, Q2) = −2δnˆ1,nˆ2
|q1 − q2|Θ(1 + e
t > |q1 − q2| > 2)
(q1 − q2)2 + (ǫ1 − ǫ2)2
. (4.13)
In deriving this expression we have assumed ct|qi| ≪ 1, and have neglected the terms with nˆ1 = −nˆ2, which vanish
exponentially for t→∞. Note that the right-hand side of Eq.(4.13) has discontinuities, but no δ-function singularity,
in contrast to Eq.(4.5). It follows that the flow of the physical density-density correlation function is continuous. To
see this, let us explicitly solve Eq.(4.7). Using the method described in Ref. [16], the solution with the correct initial
condition is easily obtained,
F−1t (Q1, Q2) = F
−1
t=0(Q1, Q2)
−
∫ t
0
dτ ˙˜Πt−τ (nˆ1, e
−τq1, e
−τ iǫ1; nˆ2, e
−τq2, e
−τ iǫ2) .
(4.14)
Substituting Eq.(4.13) into Eq.(4.14) we finally obtain in D = 1
F−1t (Q1, Q2) = F
−1
t=0(Q1, Q2)
+ δnˆ1,nˆ2Π˜t(q1 − q2, iǫ1 − iǫ2) , (4.15)
where
Π˜t(q, iǫ) =
|q|
q2 + ǫ2
[
(|q| − 2)Θ(1 + et > |q| > 2)
+ (2et − |q|)Θ(2et > |q| > 1 + et)
]
. (4.16)
Note that the function xΘ(x) is continuous, so that the right-hand side of Eq.(4.16) is indeed a continuous function
of t. The physical density-density correlation function is then
Πξ(p, iω) = ν0Π˜t
(
vF p
ξ
,
iω
ξ
)
=
1
π
[
|p|(vF |p| − 2ξ)Θ(ξ + ξ0 > vF |p| > 2ξ)
(vF p)2 + ω2
+
|p|(2ξ0 − vF |p|)Θ(2ξ0 > vF |p| > ξ + ξ0)
(vF p)2 + ω2
]
. (4.17)
Taking the limits ξ0 →∞ and ξ → 0 we obtain the well-known result
Π0(p, iω) =
vF
π
p2
(vF p)2 + ω2
. (4.18)
From the first line in Eq.(4.17) it is clear why our rescaled flow equations are more suitable for the calculation of
the susceptibilities than the corresponding unrescaled flow equations: Because the dependence of the density-density
correlation function on the infrared cutoff appears in the scaling function Π˜t
(
vF p
ξ ,
iω
ξ
)
via the ratios p/ξ and ω/ξ,
the result for uniform susceptibilities depends on the order in which the limits p → 0 and ξ → 0 are taken. Our
rescaled RG equation directly yields the scaling function Π˜t
(
vF p
ξ ,
iω
ξ
)
where this problem does not arise. Let us give
an alternative explanation for this difference: in the unrescaled flow equations the momenta and frequencies are held
constant as the infrared cutoff is reduced. Any fixed distance from the Fermi surface is therefore magnified on the
scale of the reduced infrared cutoff, so that momenta that are initially close to the Fermi surface are mapped onto
new momenta which, on the reduced scale, appear further away from the Fermi surface. On the other hand, in the
rescaled flow equations the momenta and frequencies are scaled down together with the infrared cutoff, so that the
degrees of freedom that are initially in the vicinity of the Fermi surface are mapped onto coarse grained degrees of
freedom that remain close to the Fermi surface.
12
B. The Fermi surface as a RG fixed point manifold
As already emphasized in Sec.II A, to obtain well-behaved scaling properties we should expand the bare energy
dispersion around the true Fermi surface of the interacting many-body problem, which a priori is not known. We
now show how the shape of the Fermi surface can be calculated a posteriori from the fixed point equation for the
momentum- and frequency-independent part of the irreducible two-point vertex,
µ˜nˆt = Γ˜
(2)
t (nˆ, 0, i0) . (4.19)
Note that this is a relevant coupling function (labeled by the direction nˆ) with scaling dimension +1. There are
two marginal coupling functions associated with the two-point vertex. One of them is the usual wave-function
renormalization given in Eq.(3.11). In terms of our rescaled two-point vertex it can also be written as
Z nˆt = 1−
∂Γ˜
(2)
t (nˆ, q = 0, iǫ)
∂(iǫ)
∣∣∣∣∣
ǫ=0
. (4.20)
The other marginal coupling can be taken to be the dimensionless renormalization factor of the Fermi velocity
v˜nˆt = Z
nˆ
t −
∂Γ˜
(2)
t (nˆ, q, i0)
∂q
∣∣∣∣∣
q=0
. (4.21)
The RG flow of the shape of the Fermi surface of strongly correlated electrons in reduced dimensions have recently
been considered by several authors [17,3,4,31]. However, the interpretation of the renormalized Fermi surface in
terms of a RG fixed point manifold has only been emphasized by Shankar [17], who used the conventional one-loop
momentum shell technique, including the rescaling step. In contrast, the authors of Ref. [3,4,31] work with unrescaled
flow equations, in which case the coupling corresponding to Eq.(4.19) does not flow to a RG fixed point, so that the
interpretation of the Fermi surface as a RG fixed point manifold is obscured.
To study the shape of the Fermi surface within the exact RG, let us retain only relevant and marginal couplings in
the two-point function. In this approximation
rt(Q) ≈ iǫ− v˜
nˆ
t q + µ˜
nˆ
t . (4.22)
It is convenient to define the Fermi surface momenta kF,t of the system with cutoff ξ = ξ0e
−t in analogy with Eq.(2.1),
ǫkF,t = µ− Σξ(kF,t, i0) , (4.23)
so that the true renormalized Fermi surface is kF = limt→∞ kF,t, see Eq.(2.1). In order to calculate kF,t we use
the fact that by construction q in Eq.(4.22) is measured relative to the renormalized kF , so that we obtain from the
definition (4.23), up to irrelevant terms,
kF,t = kF + vˆF
ξ0e
−tµ˜nˆt
vF v˜nˆt
. (4.24)
Setting t = 0 we obtain for the difference between the fully renormalized Fermi momentum kF and the Fermi
momentum kF,0 of the model with cutoff ξ0,
kF − kF,0 = −vˆF
ξ0µ˜
nˆ
0
vF v˜nˆ0
. (4.25)
It should be kept in mind that vF is defined in terms of the gradient of the bare energy dispersion at the renormalized
kF . From Eqs.(3.15) and (4.19) we find
ξ0µ˜
nˆ
0 = Z
nˆ
0 [Σ(kF , i0)− Σξ0(kF , i0)] , (4.26)
which allows us to reconstruct the counterterm Σ(kF , i0) as follows: Suppose that we have adjusted the initial
condition µ˜nˆ0 such that for t → ∞ the relevant couplings µ˜
nˆ
t approach a fixed point. Due to the relevance of µ˜
nˆ
t ,
we expect that this requires some fine tuning of the initial µ˜nˆ0 , so that on the critical manifold (i.e. the manifold in
parameter space that flows into a RG fixed point) µ˜nˆ0 becomes a function of the other relevant and marginal couplings.
From Eq.(4.26) we then obtain the counterterm Σ(kF , i0) as a function of these couplings. Note that if we adjust the
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initial conditions such that µ˜nˆt remains finite for t → ∞, then Eq.(4.24) guarantees that for t → ∞ the flowing kF,t
indeed approaches the true Fermi surface. Thus, the problem of constructing the renormalized Fermi surface can be
reduced to the problem of finding the RG fixed point of the flow equation for the relevant coupling function µ˜nˆt .
The above discussion relies on the approximation (4.22) for the inverse propagator, which is only justified for a
Fermi liquid. In principle it is also possible that the system flows to a non-Fermi liquid fixed point, characterized by
some new renormalized Fermi surface. As pointed out by Anderson [32], in this case there might be some subtleties
related to the subtraction of the counterterm Σ(kF , i0).
It is also worth emphasizing the following point: In order to reach a RG fixed point, it is crucial that the bare
energy dispersion is expanded around the fully renormalized Fermi surface kF , defined in Eq.(2.1). If we had chosen
the bare Fermi surface kF,0 as the reference for the expansion, then the RG flow of the relevant coupling µ˜
nˆ
t would
exhibit a runaway flow, i.e. |µ˜nˆt | → ∞ for t → ∞. To see this, suppose that we expand around the initial Fermi
surface at scale ξ0. Then the relation (4.24) between the renormalized and the bare Fermi momentum is replaced by
kF,t = kF,0 + vˆF,0
ξ0e
−tµ˜nˆt
vF,0v˜nˆt
, (4.27)
where vF,0 = ∇kǫk|kF,0 . Given that kF,t approaches for large t a value that is different from the bare kF,0, we see
from Eq.(4.27) that µ˜nˆt must necessarily diverge as e
t (assuming that v˜nˆt remains finite). This runaway flow indicates
that we have expanded around the wrong Fermi surface. This phenomenon is well known from the usual theory of
critical phenomena, where the fixed point manifold is discrete: In this case a runaway flow indicates the existence
of some new fixed point. What is new here is that the fixed point manifold is a continuum, which can therefore
continuously change under RG transformations. To avoid a runaway flow, we have to expand all quantities from the
beginning around the true Fermi surface, which can be determined a posteriori from the requirement that the RG
flow indeed approaches a fixed point.
C. Rescaling and the possibility of non-Fermi liquid fixed points
Long time ago Bell and Wilson [9] pointed out that the field rescaling (see step 3 in Sec.I) is necessary in order to
obtain a non-trivial RG fixed point, characterized by a non-zero anomalous dimension η. In fact, the RG fixed point
conditions can be viewed as some sort of non-linear eigenvalue equations, which contain η as an adjustable parameter
[33]. From this point of view it is not surprising [15] that solutions of the fixed point equations exist only for certain
values of η, depending on the interaction, the dimensionality, and the symmetries of the system. We believe that the
above statement is also true for fermionic many-body systems, so that the unrescaled flow equations used in Refs.
[1–5] cannot be used to detect non-Fermi liquid fixed points.
Because within a one-loop approximation the anomalous dimension vanishes, at the first sight it seems that at this
level of approximation it is sufficient to work with a pure mode-elimination RG [1–5]. This is not necessarily true,
however, because even at the one-loop level the rescaling of momenta and frequencies (see step 2 in Sec.I) can be
essential to obtain a non-trivial RG fixed point. For example, consider φ4-theory slightly below D = 4 dimensions. In
this case there are two relevant couplings, namely the momentum-independent part of the irreducible two-point vertex
µ˜t, and the momentum-independent part of the irreducible four-point vertex g˜t. The one-loop RG flow equations for
suitably defined [16] dimensionless couplings are well known [18]
∂tµ˜t = 2µ˜t +
g˜t
2(1 + µ˜t)
, (4.28)
∂tg˜t = (4 −D)g˜t −
3g˜2t
2(1 + µ˜t)2
. (4.29)
For 0 < 4−D ≪ 1 these equations have a non-trivial fixed point at
g˜∗ ≈
2
3
(4−D) , µ˜∗ ≈ −
1
6
(4 −D) , (4.30)
which arises from a balance between the competing effects due to the scaling terms (i.e. the first terms on the right-
hand sides of Eqs.(4.28) and (4.29)) and the mode elimination terms (i.e. the second terms on the right-hand sides
of Eqs.(4.28) and (4.29)). Obviously, a RG transformation which includes only the mode elimination would miss the
Wilson-Fisher fixed point.
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Finally, we point out that the rescaling of momenta and frequencies plays also an important role to accelerate the
flow of the irrelevant couplings to negligibly small values. For example, the constant part of the rescaled irreducible
six-point vertex Γ˜
(6)
t (Q
′
1, Q
′
2, Q
′
3;Q3, Q2, Q1) is irrelevant with scaling dimension −1. This −1 appears as the first
term on the right-hand side of Eq.(A.4), and causes the size of the rescaled six-point vertex to diminish exponentially
as we iterate the RG (as long as this decrease is not overwhelmed by some anomalous dimension). On the other hand,
the corresponding flow equation (A.1) for the unrescaled six-point vertex does not exhibit a similar suppression due to
a negative scaling dimension, so that there is no guarantee that the unrescaled six-point vertex really becomes small
as we iterate the RG transformation.
V. SUMMARY AND CONCLUSIONS
In this work we have constructed exact functional RG equations for non-relativistic fermions, taking not only the
mode elimination into account, but also the rescaling of momenta, frequencies, and fields. The exact flow equations
given in this work are valid in arbitrary dimensions and describe the RG flow of any translationally invariant fermionic
many-body system in the normal state. We emphasize that these equations are exact and describe the RG flow of the
irreducible correlation functions of the many-body system for all momenta and frequencies. Of course, it is possible
to extract the usual perturbative RG β-function describing the flow of the momentum-independent part of the four-
point vertex from these flow equations. To obtain the β-function at the two-loop order, it is sufficient to truncate the
infinite hierarchy of flow equations by setting Γ(2n) = 0 for n ≥ 4. In Sections II C, III C and in the Appendix we
have explicitly written down all expressions necessary for performing a two-loop calculation for any D-dimensional
translationally invariant normal fermionic many-body system. These equations are also valid in D = 1, where two-
loop calculations are usually performed using the field theory-method [34]. Note, however, that in this case there are
some subtleties which are not fully understood [35].
We have formulated the exact functional RG for fermionic systems in close analogy with the functional RG for field
theories and statistical mechanics problems. We have tried to emphasize this analogy by adopting as much as possible
the notation used in statistical mechanics [6,16]. A crucial step is the introduction of dimensionless scaling variables
and rescaled vertices, which describe the scaling towards the true Fermi surface of the system. Finally, in Sec.IV we
have shown that the rescaled flow equations for the irreducible vertices given in Sec.III C have several advantages as
compared with the unrescaled flow equations discussed in Sec.II C:
1. Flow of susceptibilities. The unrescaled exact RG equations used in Refs. [1–5] yield discontinuities in flow
equations for quantities which are dominated by degrees of freedom in the immediate vicinity of the Fermi
surface, such as the density-density correlation function at long wavelengths. In contrast, our formulation of the
exact RG including rescaling yields flow equations which are continuous functions of the flow parameter.
2. Renormalization of the shape of the Fermi surface. The calculation of the shape of the renormalized Fermi
surface can be reduced to the solution of the fixed point equation for the properly rescaled irreducible two-point
vertex at vanishing external momentum and frequency. Without rescaling, the corresponding flow equation does
not have a fixed point, so that the associated relevant coupling exhibits a runaway flow.
3. Non-Fermi liquid fixed points. If the system has a scale invariant non-Fermi liquid fixed point characterized by
a non-zero anomalous dimension η, then the flow generated by RG transformations which omit the rescaling
steps 2 and 3 listed in Sec.I cannot detect this fixed point. Instead, the pure mode elimination RG calculations
of the type used in Refs. [1–5] would generate a runaway-flow to strong coupling in this case.
We suspect that our rescaled flow equations will also turn out to be advantageous for numerical calculations, because
they describe the RG flow of the relevant scaling functions. The numerical analysis of these equations is a rather
tedious task [2,4], which is beyond the scope of this work.
Our flow equations also offer a new approach to study interacting fermions in D = 1, where the normal metallic
state is known to be a non-Fermi liquid. For these systems the RG β-function is often calculated within the field
theory formulation of the RG advanced by So´lyom [34]. However, till now there exists no RG calculation of the
full momentum- and frequency-dependent single-particle Green function of interacting fermions in D = 1. From
bosonization it is known that in momentum-frequency space the single-particle Green function exhibits interesting
features such as power-law singularities, which are a manifestation of anomalous scaling and spin-charge-separation
[36]. We are currently investigating whether the full spectral function of interacting fermions inD = 1 can be calculated
by means of an approximate solution of the rescaled functional RG equation (3.25) for the two-point vertex. We have
preliminary evidence [37] that at weak coupling this can indeed be done, and that for the Tomonaga-Luttinger model
the resulting spectral function compares quite well with the exact result obtained via bosonization.
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Finally, we would like to address the question whether possible scale-invariant non-Fermi liquid fixed points in
dimensions D > 1 are accessible within the exact RG. Certainly, detecting such a fixed point requires at least a
two-loop calculation, because at the one-loop level the wave-function renormalization Z nˆt remains unity. Considering
the complexity of numerical analysis of the one-loop equations describing the RG flow without the rescaling steps
[2–5], the direct numerical analysis of the two-loop RG flow equations including rescaling seems to be a rather difficult
task. Such a calculation would require the numerical analysis of the flow equation for the six-point vertex given in
Eq. (A.4). Note, however, that in the special case of a square Fermi surface Binz, Baeriswyl and Douc¸ot [38] have
recently presented an analytic study of the one-loop RG flow in the vicinity of the dominant instabilities. Let us
emphasize again that Z nˆt → 0 at a non-Fermi liquid fixed point, so that the inclusion of the flow of the wave-function
renormalization is crucial to reach such a fixed point.
For Fermi surfaces with a special geometry it is possible to analyze the RG flow analytically [38,39]. In particular,
very recently Ferraz [39] performed a field-theoretic two-loop RG calculation for a two-dimensional Fermi system with
a truncated Fermi surface, consisting of flat and curved pieces. He succeeded to calculate the entire single-particle
spectral function. Interestingly, he found non-Fermi liquid behavior for all points on the Fermi surface, including
the curved pieces. The calculations presented in Ref. [39] are quite encouraging and support our point of view that
higher-dimensional non-Fermi liquid fixed points are accessible within a two-loop truncation of the Wilsonian RG
equations presented in this work.
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APPENDIX: FLOW EQUATIONS FOR THE IRREDUCIBLE SIX-POINT VERTEX
For a two-loop calculation we need the flow equation for the irreducible six-point vertex [13,16,37]. The unrescaled
flow equation reads (see Fig.4 and recall that for fermions ζ = −1)
∂ξΓ
(6)
ξ (K
′
1,K
′
2, K
′
3;K3,K2,K1) =
−ζ
∫
K
δ(ΩK − ξ)
iωn − ǫk + µ− Σξ(K)
Γ
(8)
ξ
(K′1, K
′
2,K
′
3,K;K,K3, K2,K1)
+3
∫
K
δ(ΩK − ξ)Gξ,ξ0 (K
′)
iωn − ǫk + µ− Σξ(K)
×
{
A(1′,2′),3′
[
Γ
(4)
ξ (K
′
1,K
′
2;K
′
,K)Γ
(6)
ξ (K,K
′
,K
′
3;K3,K2,K1)
]
K′=K′
1
+K′
2
−K
+A1,(3,2)
[
Γ
(6)
ξ (K
′
1, K
′
2,K
′
3;K
′
,K,K1)Γ
(4)
ξ (K,K
′;K3,K2)
]
K′=K2+K3−K
}
+9ζ
∫
K
[
δ(ΩK − ξ)Gξ,ξ0(K
′)
iωn − ǫk + µ− Σξ(K)
+
Gξ,ξ0 (K)δ(ΩK′ − ξ)
iωn′ − ǫk′ + µ−Σξ(K′)
]
×A(1′,2′),3′A(2,1),3
[
Γ
(6)
ξ (K
′
1,K
′
2,K
′;K,K2,K1)Γ
(4)
ξ (K
′
3,K;K
′
,K3)
]
K′=K+K′
3
−K3
+9
∫
K
[
δ(ΩK − ξ)Gξ,ξ0(K
′)Gξ,ξ0 (K
′′)
iωn − ǫk + µ− Σξ(K)
+
Gξ,ξ0 (K)δ(ΩK′ − ξ)Gξ,ξ0(K
′′)
iωn′ − ǫk′ + µ− Σξ(K′)
+
Gξ,ξ0 (K)Gξ,ξ0 (K
′)δ(ΩK′′ − ξ)
iωn′′ − ǫk′′ + µ− Σξ(K′′)
]
A(1′,2′),3′A3,(2,1)
×
[
Γ
(4)
ξ (K
′
1,K
′
2;K,K
′)Γ
(4)
ξ (K
′
3,K
′;K′′,K3)Γ
(4)
ξ (K
′′
,K
′;K2,K1)
]K′′=K2+K1−K
K′=K1+K2+K3−K
′
3
−K
−36ζ
∫
K
δ(ΩK − ξ)Gξ,ξ0 (K
′)Gξ,ξ0(K
′′)
iωn − ǫk + µ− Σξ(K)
A1′,2′,3′A1,2,3
×
[
Γ
(4)
ξ (K
′
1,K
′;K,K1)Γ
(4)
ξ (K
′
2, K
′′;K′,K2)Γ
(4)
ξ (K
′
3,K;K
′′
,K3)
]K′′=K′
3
+K−K3
K′=K′
2
+K′
3
+K−K3−K2
.
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Here the anti-symmetrization operators A1,2,3 and A1,(2,3) are defined as follows,
A1,2,3f(1, 2, 3) =
1
6
[f(1, 2, 3) + f(2, 3, 1) + f(3, 1, 2)
−f(3, 2, 1)− f(2, 1, 3)− f(1, 3, 2)] , (A.2)
A1,(2,3)f(1, 2, 3) = A(2,3),1f(1, 2, 3) =
1
3
[f(1, 2, 3)− f(2, 1, 3)− f(3, 2, 1)] . (A.3)
Given a function f(1, 2, 3) that is already antisymmetric with respect to the pair (2, 3), the function A1,(2,3)f(1, 2, 3) is
a totally antisymmetric function. Note that the combinatorial factors in front of the terms involving the combinations
Γ(4)Γ(6) and Γ(4)Γ(4)Γ(4) are precisely the same as in the corresponding flow equation of φ4-theory, see Eq.(4.20) of
Ref. [16].
The rescaled version of the above flow equation is (setting now ζ = −1)
∂tΓ˜
(6)
t (Q
′
1, Q
′
2, Q
′
3;Q3, Q2, Q1) ={
−1−
3∑
i=1
[
η
nˆ
′
i
t + η
nˆi
t
2
+Q′i · ∂Q′
i
+Qi · ∂Qi
]}
Γ˜
(6)
t (Q
′
1, Q
′
2, Q
′
3;Q3, Q2, Q1)
−
∫
Q
G˙t(Q)Γ˜
(8)
t (Q
′
1, Q
′
2, Q
′
3, Q;Q,Q3, Q2, Q1)
−3
∫
Q
G˙t(Q)G˜t(Q
′)
{
A(1′,2′),3′
[
Γ˜
(4)
t (Q
′
1, Q
′
2;Q
′
, Q)Γ˜
(6)
t (Q,Q
′
, Q
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]
K′=K′
1
+K′
2
−K
+A1,(3,2)
[
Γ˜
(6)
t (Q
′
1, Q
′
2, Q
′
3;Q
′
, Q,Q1)Γ˜
(4)
t (Q,Q
′;Q3, Q2)
]
K′=K2+K3−K
}
+9
∫
Q
[
G˙t(Q)G˜t(Q
′) + G˜t(Q)G˙t(Q
′)
]
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[
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(6)
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′
1, Q
′
2, Q
′;Q,Q2, Q1)Γ˜
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+9
∫
Q
[
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′)G˙t(Q
′′)
]
A(1′ ,2′),3′A3,(2,1)
×
[
Γ˜
(4)
t (Q
′
1, Q
′
2;Q,Q
′)Γ˜
(4)
t (Q
′
3, Q
′;Q′′, Q3)Γ˜
(4)
t (Q
′′
, Q
′;Q2, Q1)
]K′′=K2+K1−K
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′
3
−K
−36
∫
Q
G˙t(Q)G˜t(Q
′)G˜t(Q
′′)A1′,2′,3′A1,2,3
×
[
Γ˜
(4)
t (Q
′
1, Q
′;Q,Q1)Γ˜
(4)
t (Q
′
2, Q
′′;Q′, Q2)Γ˜
(4)
t (Q
′
3, Q;Q
′′
, Q3)
]K′′=K′
3
+K−K3
K′=K′
2
+K′
3
+K−K3−K2
. (A.4)
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FIG. 1. An arbitrary vector k can be decomposed into a component kF on the Fermi surface (here an ellipse) and a
component vˆFp parallel to the local Fermi velocity, see Eq.(2.2). This construction defines kF as a function of k.
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FIG. 2. Diagrammatic representation of the flow equation for the two-point vertex, see Eqs.(2.25) and (3.25). The left-hand
side represents the derivative of the total irreducible vertex with respect to the flow parameter. The arrows represent the
exact propagators, and an arrow with an extra slash represents the derivative of the cutoff function with respect to the flow
parameter.
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FIG. 3. Diagrammatic representation of the flow equation for the four-point vertex, see Eqs.(2.26) and (3.28).
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FIG. 4. Diagrammatic representation of the flow equation for the six-point vertex, see Eqs.(A.1) and (A.4).
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